1. Let V/k be an absolutely irreducible, r-dimensional normal algebraic variety and let K = k(V) be the function field of V/k; here k denoted an arbitrary ground field. Let K* be a finite separable algebraic extension of K, let k* be the algebraic closure of k in K*, and let V*/k* be a normalization of V in K*. Let P* be an arbitrary point of V* (not necessarily algebraic over k), and let P be the corresponding point of V. We denote by o the local ring of P on V/k and by m the maximal ideal of o. Let o* and m* have a similar meaning for P* and V*/k*. It is well known that: (1) o*m is a primary ideal, with m* as associated prime ideal; (2) the residue field k*(P*) (= o*/m*) is a-finite algebraic extension of the field k(P) (= o/m).
Definition: The point P* is said to be unramified (with respect to V) if thefolltwing conditions are satisfied:
(a) o*m= m*; (b) k*(p*) is a separable extension of k(P).
In the contrary case P* is said to be ramified (with respect to V). Note that, since K*/K is separable, k*/k is also separable, and hence (b) is equivalent to the condition: k(P*) is separable over k(P).
We fix an affine part Va of V containing the point P. Let R = k [xl, x2, . . has rank m -n at P*. Proof: We consider local k-derivations at P (on V), with values in any given extension field £ of k(P). By this we mean (see Zariski,2, p. 43) mappings D of o into Q such that: (1) Dc = 0 if c E k; (2) D(w1-W2) = Dw1 -Dw2; (3) D(wlw2) = fv',Dw2 + f2Dw1, where fli denotes the m-residue of wi. Similarly, we shall consider local k*-derivations at P* (on V*).
Assume that P* is unramified. Let D* be a local k*-derivation at P*, on V*, such that the induced local k-derivation D at P on V (D = restriction of D* to o) is zero. Fromo*m = m* it follows that D* = 0 on m*. Now let w be any element of o*, let a be the m*-residue of w (a E k(P*)), let F(Z) be the minimal polynomial of a over k(P) and let F(Z) be a polynomial in o [Z] such that the coefficients of F(Z) are the m-residues of the coefficients of F(Z). We have F(w) E m* and hence Our preceding result shows that if ul = U2 = . . . = un = 0, then necessarily also Un+l = Un+2 = ... = Ur = 0. Therefore, the Jacobian matrix (1) must have rank m -n at P*.
Conversely, assume that the matrix (1) has rank m -n at P*. Let tv be the m*-residue of x,, so that k(P) = k(t1, 2 . ... tn) and k*(P*) = k*(Q1, 2) * * * Our assumption on the matrix (1) implies (see Zariski,2 Lemma 6, p. 27) that k*(P*) is a separable algebraic extension of k(P). Then the m -n polynomials gj(i, &2, . . . I sn, Xn+i . .. , Xm) (i = 1, 2, . .. , mn) form a set of uniformizing parameters of the point (Qn+1, ,n+2. . . {m) in the affine (m -n)-space over k*(P). It follows that if I hj(X1, X2, . .. , Xn); j = 1, 2 . . . is a set of uniformizing parameters of the point %, t2, . . . , W) in the affine n-space over k (and hence also in the affine space over k*, since k*/k is separable), then the polynomials gi(XI, X2, . . . , Xm) (i = 1, 2, . . . , m -n), hj(X1, X2, * * * , Xn) (j = 1, 2, . . . ) form a set of uniformizing parameters of the point (4i, 42, . . 4 (m) in the affine m-space over k*. This implies that the quantities hj(x1, x2, . . .,Xn) form a basis of m*, and, since they also form a basis of m, we have m* = o*m. Thus P* is unramified. The above proposition shows that the set of points of V* which are ramified with respect to V is an algebraic variety (defined over k). This variety is called the branch locus of V*/k* (with respect to V/k). It will be denoted by A.
2. The main object of this note is to prove the following result: PROPOSITIoN 2. If P* is a point of A such that the corresponding point P of V is a simple point of V/f, then A is locally, at P*, pure (r -1)-dimensional. (In particular, if V is a non-singular variety, then A is a pure (r -1)-dimensional subvariety of V*).
Proof: We shall give the proof only in the case in which k is either of characteristic zero or is a perfect field of characteristic p $ 0. The generalization to nonperfect ground fields will be found in the note of N. Nagata which immediately follows the present note.
We first achieve a reduction to the case in which the ground field is algebraically closed. Let k' be the algebraic closure of k (in the universal domain). The varieties V and V*, being absolutely irreducible, remain irreducible over k'. Since k (and therefore also k*) is perfect, the normal varieties V/k and V*/k* are absolutely normal, and thus V/k' is normal while V*/k' is a normalization of V/k' in k'(V*). Again, since k* is perfect, the prime ideal 2(Va/k*) of any affine representative Va* of V*/k* remains prime under the ground field extension k* -k', and thus a basis {gj(XI, X22 . . , Xm); j = 1, 2, . .. , N} of the ideal 3(Va*/k*) is also a basis of 3(Va*/k'). It follows, therefore, from Proposition 1 that a point P* of V* is ramified with respect to V/k if and only if it is ramified with respect to V/k'. In other words: the branch locus A of V* with respect to V/k is independent of the choice of the (perfect) ground field k. On the other hand, any simple point P of V/k is absolutely simple and therefore remains simple under the ground field extension k > k'. This shows that in the proof of our theorem we may replace kbyk'.
Since the branch locus A is algebraic, it will be sufficient to prove the proposition under the additional assumption that P is an algebraic point over k.
We therefore assume that k is an algebraically closed field and that P is rational over k.
We shall assume that the local P*-component of A is of dimension < r -1, and we shall show that in that case P* is unramified. We fix uniformizing parameters xi, x2, . . . , Xr of P on V/k. Let P'* be any point of V* such that dim P'*/k* = r -1 and such that P* is a specialization of P over k'. Let P' be the corresponding point of V. Then P is a specialization of P' over k, and-by our assumption-P'* is unramified with respect to V. The parameters xi are also uniformizing co-ordinates of P' on V/k, i.e., they have the following two properties: (1) k [x1, x2, . . . , x] contains a uniformizing parameter of P' on V/k; (2) the field k(P') is a separable algebraic extension of the field k(.t, x2, ...., in), where the xi are the P'-residues of the xi. Since P'* is unramified, it follows that conditions (1) and (2) are satisfied also if P' and V are replaced by P'* and V*, respectively. Hence xi, x2, ... , Xr are also uniformizing co-ordinates of P'* on V*/k. It follows that the derivations a of K*/k' (these derivations are defined since {xl, x2, . .., X is a-separating transcendence basis of K*/k') transform the local ring of P'* into itself. In particular, if w is any element of the local ring o* of P*, we have that is regular at P'*. We have therefore shown that a has no polar prime divisor at the point P*. Since P* is a normal point, it follows that the r-functions belong to 0*, for any w in o*.
At this stage we shall separate the two cases p = 0 and p 5 0. and this implies that m* = Z o"xi = o*m. This completes the proof. i=l 3. Proposition 1 implies that P* is unramified if and only if every local derivation D at P has at most one extension to a local derivation at P*. We shall now prove PROPOSITION 3. If P* is unramified (with respect to V) then every local derivation D at P can be extended to a local derivation D* at P*. Hence P* is unramified if and only if the vector space of local derivations at P* is obtained from the vector space of local derivations at P* by the extension k(P) -o k*(P*) of thefield of scalars.
Proof: We consider the completions S and S* of o and o*, respectively, and we set m = Sm, m* = 6*m*. Then S and o are local domains (since V and V* are normal varieties; see Zariski3) and we have m* = S*m. If then we set [k*(P*): k(P)] = g, then 5* has an S-basis consisting of g elements (Chevalley,l proof of Proposition 4, p. 695). As S-basis of 5" we can take any g element we'1* of S" whose m*-residues form a k(P)-basis of k*(P*). Since k*(P*) is a separable algebraic extension of k(P), it is a simple extension of k(P). Let a be a primitive element of k*(P*)/k(P) and let w* be an element of o* whose m*-residue is a. Then 1, w*, w*2, . .., w*"-form an S-basis of V and w* is a root of a monic polynomial f(X). of degree g, with coefficients in S. Since S is also an integrally closed domain (by the theorem of analytical normality of normal varieties, Zariski4) and since every element of V is integral over 5, the minimal (monic) polynomial of w* over the quotient field of S has coefficients in S. This minimal polynomial cannot therefore be of degree < g, since otherwise a would be a root of a polynomial of degree < 9, with coefficients in k(P). Hence f(X) is the minimal polynomial of w*, and thus 1, w*, W*2,... ., W*9-1 are linearly independent over S. Now let D be any local derivation at P, on V. This derivation can be extended to a local derivation D of the completion S of 0 by setting, for any element Y of 5: Dy = Dy, where y is any element of o such that 9-y e I2. Since I2 n o = it follows at once that Dy depends only on y, and one immediately verifies that D is a local derivation in S. Now, if 9* is any element of V*, we write Y* = 9o + 9i w* + ... + yi w*9-1, where the y, are uniquely determined elements of 5, and we set The second part of the proposition is an immediate consequence of the first part and of Proposition 1. 1 C. Chevalley, "On The Theory of Local Rings," Ann. Math., 44, 690-708, 1943 May 14, 1958 In the proof of Zariski of the purity of branch loci,' the following fact, which was proved by him, is one of the key points of his proof:
Let P be a simple spot over a field k and let xi, .. .x,, be a regular system of parameters of P. Assume that P/2 xP = k. If a normal spot Q dominates P and is a ring of quotients of a finite separable integral extension of P and if every partial derivation b/bxj can be extended to an integral derivations of Q, then Q. is unramified over P. If the assumption that Q is normal is omitted, then the above becomes false. In the present note, we shall show at first that if k is of characteristic zero, then the assumption that Q is normal is unnecessary. In fact, we shall prove the following theorem which is a generalization of it:
THEOREM. Let P be a spot over a field k of characteristic zero and let r be the dimension of the function field L of P. Assume that there exist algebraically independent elements xl, . .. , x, of P over k such that the partial derivations b/ax, (i = 1, . . ., r) can be extended to integral derivations of P. Then P is a regular local ring with a uniformizing co-ordinates xi, . , Xr, namely, if we denote by p the intersection of the maximal ideal m of P with k [x, ... X ,x, then P is unramified over k [xi,..., xylJ. On the other hand, Zariski proved the purity of branch loci only for the case of
